We demonstrate the usefulness of two-dimensional hyperbolic geometry as a tool to generate three-dimensional Euclidean (E 3 ) networks. The technique involves projection of edges of tilings of the hyperbolic plane (H 2 ) onto three-periodic minimal surfaces, embedded in E 3 . Given the extraordinary wealth of symmetries commensurate with H 2 , we can generate networks in E 3 that are difficult to construct otherwise. In particular, we form four-, five-and seven-connected (E 3 ) nets containing three-and five-rings, viz. (3, 7), (5, 4) and (5, 5) tilings in H 2 .
Introduction
The motivation for this work lies in our poor knowledge of networks in three-dimensional Euclidean space (E 3 ). The nature of E 3 presents obstacles to net formation that are not yet well understood. Those obstacles are in part geometric. Thus, for example, a locally preferred packing configuration corresponding to tetrahedrally close-packed arrangements of vertices is unrealizable in E 3 , but accessible in 3D elliptic space. In a series of papers, Sadoc, Mosseri and Rivier have argued that many atomic configurations in glasses and alloys (particularly Frank-Kasper phases and their duals) are frustrated attempts to decurve those elliptic configurations, involving networks of disclinations, and thereby mapping the elliptic geometries back to E 3 (Ref.
[1]). A number of conjectures concerning accessible ring-sizes in four-connected nets have been made by chemists that remain intriguing yet unproven [2] . It is possible that there are, in addition, topological obstacles to net formation in E 3 , where certain network topologies are unrealizable with any geometry in flat 3D space. To cite just one example, we know of no example of four-connected networks whose smallest rings are all pentagons [3] . Despite the corpus of data on networks gathered by solid state chemists, it is fair to state that we remain in a state of profound ignorance of the variety of nets realizable in E 3 . Substantial progress in experimental determination of structures to high resolution of atomic and molecular crystals has not been mirrored by corresponding progress in fundamental understanding of possible struca e-mail: stephen.hyde@anu.edu.au tures in E 3 . We have not advanced much beyond empirical construction of nets, despite the importance of networks in areas as diverse as crystal engineering [4] and smallworlds theory [5] . An important exception is the recent advance in systematic enumeration of a restricted class of four-connected nets in E 3 (Ref.
[6]). It has long been recognized that crystalline networks, particularly those of low vertex density (normalized to nets of unit edge length) are decorations of triply periodic minimal surfaces, or topologically identical surfaces [7, 8] .
Here we formalize somewhat that construction, and focus on examples that are intractable within the confines of conventional Euclidean crystallography. Net(work)s are constructed with pentagonal rings and containing equivalent seven-connected vertices.
This paper offers some examples of a novel technique to construct nets ab initio. The technique is almost exclusively confined to 2D geometry, where the third dimension of E 3 is subsumed within a parameter available to non-Euclidean geometries, curvature. Rather than working within flat 3D space (E 3 ), we construct the unwrapped net in 2D hyperbolic space, H 2 and then project H 2 onto E 3 , via triply periodic minimal surfaces.
Construction of 3D Euclidean nets from the hyperbolic plane
The approach involves the formation of a net in its universal cover. There is a simple analogy to cylindrical nets, well developed to characterise carbon tubule structures. In that case, the sp 2 graphite net tiles a cylinder. The (surface averaged) Gaussian curvature of a cylinder (or any extended rod-shaped surface) is zero, and the cylinder is Euclidean. Its universal cover is the Euclidean plane (E 2 ). The graphite net can be realized as a regular tiling of E 2 , with identical vertices, all belonging to three hexagonal rings; we denote the net by a modified Schläfli symbol, (6, 3). (The regular form of (6, 3), with symmetrically identical hexagonal faces, edges and vertices, is denoted {6, 3}.) Tubule nets can be generated by projecting the (6, 3) net onto a cylinder, formed by gluing net components separated by a fixed gluing vector traced on E 2 . The infinite (6, 3) pattern in the unbounded Euclidean plane, E 2 , is thus an infinite-sheeted cover of the cylindrical tiling. A realisable carbon tubule structure derived from graphite corresponds to the identification of any 1D lattice on the (6, 3) net (Fig. 1) . The gluing vector defines an equatorial loop around the cylinder and the cylinder dimensions relative to the edge length of the (6, 3) tiling. Gluing vectors that are coincident with reflection lines of the {6, 3} net result in achiral tubule structures. Generic chiral examples, related to the achiral ones by screw dislocations, are generated by gluing vectors that are inclined to all reflection lines of the {6, 3} net.
Generalisation of this concept allows us to systematically derive examples of a restricted
• -but largesubset of all crystalline nets in E 3 . Those nets tile hyperbolic surfaces, and can be embedded without altering their topology (though likely their geometry: edge lengths and vertex positions). The universal cover [9] of hyperbolic surfaces is the hyperbolic plane, H 2 , which can be considered as a multiple-copy of the unfolded three-periodic surface, just as the Euclidean plane is the universal cover of the cylinder. We can generate nets on three-periodic surfaces in E 3 , that form crystalline nets in E 3 , via tilings of H 2 . The nets contain surface rings, visible in the H 2 tiling and collar rings, that are the result of the projection (or gluing) from H 2 to the surface.
There is a significant extra complication in this construction that is not present in the cylindrical examples. It arises from the requirement that H 2 be distorted in order to project in onto E 3 . In practice, the Gaussian curvature of three-periodic hyperbolic surfaces must vary over the surface, in contrast to the fixed (negative) Gaussian curvature of H 2 . The isotropic H 2 space is distorted, and a conformal group structure imposed on H 2 to allow projection onto E 3 . The conformal structure can be made exact for the case of three-periodic minimal surfaces, as follows. These surfaces are made up of asymmetric surface patches (Flächenstücke) bounded by special curves that are intrinsic mirrors in the surface [10] . Those mirrors emanate from the isolated singular points on the minimal surface of zero Gaussian curvature; the flat points. Their type and locations are defined by the Gauss map of the surface, used to explicitly parametrise the surface embedding in E 3 . Those curves correspond to special directions on the surface (principal or asymptotic directions, with the exception of the gyroid) and intersect at We consider here only the simplest three-periodic minimal surfaces, the P and D surfaces (and, in passing, the hexagonal H surface). The Gauss maps of their Flächenstücke, resident in the 2D complex plane, C 2 (derived in Ref. [10] ) are polygons whose edges are circular arcs. The complete surface is generated by reflection in the edges of the polygon. The Gauss map is a conformally faithful representation of the surface geometry in E 3 , except at flat points (i), where it is multiplied by the order b i of the flat point. These polygons, with suitably rescaled vertex angles at vertices corresponding to flat points, thus offer a convenient conformal map for the three-periodic minimal surface geometry in its universal cover (H 2 ) [11] . The relevant polygons in C 2 are shown in Figures 2. Note that the P and D surfaces are intrinsically identical -only their E 3 embeddings differ -so that their Flächenstücke are indistinguishable.
